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ABSTRACT
In this work, we systematically investigate the scale-dependent angular momentum flux by analysing high-resolution
three-dimensional magnetohydrodynamic simulations in which the solar-like differential rotation is reproduced without
using any manipulations. More specifically, the magnetic angular momentum transport (AMT) plays a dominant role
in the calculations. We examine the important spatial scales for the magnetic AMT. The main conclusions of our
approach can be summarized as follows: 1. Turbulence transports the angular momentum radially inward. This effect
is more pronounced in the highest resolution calculation. 2. The dominant scale for the magnetic AMT is the smallest
spatial scale. 3. The dimensionless magnetic correlation is low in the high-resolution simulation. Thus, chaotic but
strong small-scale magnetic fields achieve efficient magnetic AMT.

Key words: Sun: interior – Sun: rotation

1 INTRODUCTION

The Sun’s differential rotation (DR) is a crucial process for
generating its magnetic field through the Ω effect (Parker
1955). The existence of the DR effect was experimentally
demonstrated in the early 1630s by tracking sunspots (Pa-
ternò 2010). In the modern era, helioseismology has revealed
the detailed profile of the DR (e.g., Schou et al. 1998). The
fast equator is considered to be the most prominent feature
of the solar DR. In particular, the solar equator rotates in
a 25-day period, while the polar region rotates in a 30-day
period.

From a theoretical (numerical) viewpoint, solar-like DR,
where the equator rotates faster than the polar regions,
can be reproduced with a low Rossby number (Ro) (i.e.
strong rotational influence), where the Ro is defined with
Ro = vc/(2Ω0L). vc, Ω0, and L refer to the typical convection
velocity, the system rotation rate, and the typical convection
spatial scale, respectively. When the system is located in a
high-Ro regime (i.e. weak rotational influence), the polar re-
gion starts to rotate faster, which is called the anti-solar DR
(e.g., Gastine et al. 2014). There is a consensus in the scien-
tific community that the Sun lies in the low-Ro regime be-
cause it has a solar-like DR. However, the convective conun-
drum related to solar angular momentum transport (AMT)
has raised questions about the former assumption. Alarm-
ingly, high-resolution simulations, even those including solar
parameters, such as solar rotation rate and luminosity, can
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easily fail to simulate the solar-like DR (Hotta et al. 2015;
O’Mara et al. 2016). Moreover, the high-resolution simula-
tion tends to generate a high-Ro regime, which accelerates
the polar region (see Mori & Hotta 2023, hereafter MH23)

Recently, Hotta & Kusano (2021) (hereafter HK21) solved
this problem. When the resolution was increased to unprece-
dentedly high levels, the magnetic energy exceeded the ki-
netic energy. As a result, the Maxwell stress can transport
the angular momentum and lead to a fast equator (see also
Hotta et al. 2022, hereafter HKS22). According to the litera-
ture, the equatorial acceleration can be achieved by outward
AMT from the rotational axis with rotationally constrained
turbulence (Karak et al. 2015; Käpylä 2022, MH23). In their
high-resolution simulation, however, HKS22 found that the
magnetic field is the dominant component of the AMT. Even
though the scale analysis by HKS22 implies that small-scale
magnetic fields can be the dominant aspect of AMT, HKS22
did not decompose the angular momentum flux (AMF) into
separate scales. Thus, HKS22 did not identify any direct evi-
dence for the importance of the small-scale magnetic fields in
the AMT. Thus we analyse the HK21 calculation results us-
ing the spatial scale decomposition method for the AMF sug-
gested in MH23. We address three main issues in this work:

A. What is the most important scale of the magnetic field
for accelerating the equator?
B. Does the inward AMT by the turbulence become
stronger at smaller scales?
C. Is the magnetic field important because the magnetic
field is strong or because the magnetic fields are correlated?

© 2023 The Authors
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Table 1. Number of grid points in each case. For our analysis, we
convert the Yin–Yang grid into an ordinary spherical grid using
the grid points of Nr × 2Nθ × 4Nϕ/3.

Case No. of Grid points
Nr ×Nθ ×Nϕ × 2

Low 96× 384× 1152

Middle 192× 768× 2304

High 384× 1536× 4608

We thoroughly investigate the importance of the small-scale
magnetic field for the AMT using the above scale decom-
position (Issue A). MH23 suggested that the smaller scale
turbulence has stronger radially inward AMT with a weaker
rotational influence. We can confirm this pattern by analysing
high-resolution simulations (Issue B). HKS22 found also that
the magnetic AMT is dominant in their high-resolution cal-
culation. Since the momentum flux is a form of covariance
∝ BB, the strong magnetic AMT can be interpreted by con-
sidering two possibilities. The first one is related to the fact
that just the magnetic field strength |B| is high. MH21 al-
ready reported that the magnetic field is significantly strong
in their calculation, which could explain this effect. The other
possibility is that the dimensionless correlation BB is high.
In particular, HKS22 found that the correlation between the
magnetic fields is generated by high-Ro turbulence. Typically,
turbulence on a smaller scale is less affected by the rotational
influence; that is, the higher Ro. Thus, smaller-scale magnetic
fields may be more strongly correlated than larger-scale mag-
netic fields (Issue C).

This manuscript is constructed as follows. We describe the
model setup for the numerical simulations in Section 2. We
present the proposed method to decompose the AMT in Sec-
tion 3. Next, we thoroughly discuss the results of our analysis
in Section 4. The scale decomposition of the AMF and the
correlation are also shown in Section 4. Finally, we summarize
and conclude the paper in Section 5.

2 NUMERICAL MODEL

We explain our developed numerical model setup in this sec-
tion. We analyse the results of the HK21 calculations, which
provide three different resolution calculations: namely, Low,
Middle, and High (see Table 1). HKS22 supplied dimension-
less quantities for the calculations (see their Table 1). We
convert the Yin–Yang grid (Kageyama & Sato 2004) into
spherical geometry for analyses. The radial extent of the com-
putational domain is 0.71R⊙ ≤ r ≤ 0.96R⊙, where R⊙ is
the solar radius. We use the R2D2 (Radiation and RSST
for Deep Dynamics) code (Hotta et al. 2019; Hotta & Iijima
2020; Hotta & Kusano 2021), where RSST represents the re-
duced speed of sound technique (Hotta et al. 2012). We use
Model S (Christensen-Dalsgaard et al. 1996) for the back-
ground stratification and related variables. We also use the
solar luminosity L⊙ and solar rotation rate Ω⊙ (see HKS22
for more details). The calculation continues for 4000 days
for each case and the following results are averaged between
t = 3600 to 4000 days unless otherwise noted.

3 DECOMPOSITION METHOD

In this work, we decompose the Reynolds (flow) and Maxwell
(magnetic) AMFs1 to scale-dependent values using the
Fourier transforms in the longitudinal direction. MH23 sug-
gested using the spatial scale decomposition method. The
Reynolds FR,α and Maxwell FM,α AMFs are written as fol-
lows:

FR,α = ρ0λ⟨v′αv′ϕ⟩,

FM,α = −λ
⟨BαBϕ⟩

4π
, (1)

where α = r or θ, λ = r sin θ, and v is the fluid velocity in
the rotating frame. The parenthesis ⟨⟩ denotes the longitudi-
nal average. ′ represents perturbations from the longitudinal
average, such as v′ = v − ⟨v⟩. We decompose these AMFs
using Parseval’s theorem as follows:

FR,α = ρ0λ⟨v′αv′ϕ⟩ =
4∑

i=1

f i
R,α,

FM,α = −λ
⟨BαBϕ⟩

4π
≃ −λ

⟨B′
αB

′
ϕ⟩

4π
=

4∑
i=1

f i
M,α, (2)

The mean magnetic field ⟨B⟩ is weak compared with the
perturbation B′; therefore, we exclude the contribution by
the −λ⟨Bα⟩⟨Bϕ⟩/4π. We do not decompose the scale based
on the wavenumber m, but on the actual spatial scale (see
MH23, particularly eqs (17)–(20) and Table 1). The scale-
dependent AMF f i

M,α can be defined as follows:

f i
M,α(r, θ) = − λ

2π

mi(max)∑
m=mi(min)

Re
[
B̂αB̂

∗
ϕ

]
, (3)

where ̂ refers to the Fourier transform in the longitudinal
direction defined by MH23 (see their eq. (12)) and ∗ indicates
the complex conjugate. When mi(max) = Nϕ/2, the expres-
sion becomes:

f i
M,α(r, θ) = − λ

4π

2

mi(max)−1∑
m=mi(min)

Re
[
B̂αB̂

∗
ϕ

]
+Re

[
B̂α

(
Nϕ

2

)
B̂ϕ

(
Nϕ

2

)])
, (4)

where Nϕ is the number of grid points in the longitudinal
direction. mi(min) and mi(max) are calculated based on the
maximum Li(max) and minimum Li(min) scale length for the
scale-dependent AMF f i

R, α and f i
M, α as:

mi(min)(r, θ) = floor

(
2πλ

Li(max)

)
+ 1, (5)

mi(max)(r, θ) = floor

(
2πλ

Li(min)

)
, (6)

where floor() is the floor function. Li(max) and Li(min) in this
study is presented in Table 2, which is the same as that in
MH23. Our definition of the scale-dependent AMF covers the
scales Li(min) ≤ Lm < Li(max) (see MH23 for more details).

1 The AMF caused by the Reynolds (Maxwell) stress is called the
“Reynolds (Maxwell) AMF” in this study.
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Scale analysis of angular momentum flux 3

Table 2. Li(max) and Li(min) to determine mi(min) and mi(max)

and resulting f i
M,α is shown. R⊙ is the solar radius.

i Li(min) Li(max)

1 240 Mm 2πR⊙
2 120 Mm 240 Mm
3 60 Mm 120 Mm
4 4πλ/Nϕ 60 Mm

We also define the dimensionless correlation as follows:

F̃R,α ≡
⟨v′αv′ϕ⟩

[vα]RMS[vϕ]RMS
,

F̃M,α ≡ −
⟨B′

αB
′
ϕ⟩

[Bα]RMS[Bϕ]RMS
. (7)

where []RMS is the root-mean-square (RMS) in the longitudi-
nal direction. F̃R,α and F̃M,α are useful because they demon-
strate the dominant contribution of the AMF, that is, the
dimensionless correlations or the amplitude of the physical
quantity. We also define the dimensionless scale-dependent
correlation f̃R,α and f̃M,α as follows:

f̃R,α =

∑mi(max)
m=mi(min)

Re
[
v̂αv̂

∗
ϕ

](√∑mi(max)
m=mi(min)

|v̂α|2
)(√∑mi(max)

m=mi(min)
|v̂ϕ|2

) ,

f̃M,α =
−
∑mi(max)

m=mi(min)
Re

[
B̂αB̂

∗
ϕ

]
(√∑mi(max)

m=mi(min)
|B̂α|2

)(√∑mi(max)
m=mi(min)

|B̂ϕ|2
) .

(8)

When mi(max) = Nϕ/2, the expressions become

f̃R,α =

2

mi(max)−1∑
m=mi(min)

Re
[
v̂αv̂

∗
ϕ

]
+Re

[
v̂α

(
Nϕ

2

)
v̂ϕ

(
Nϕ

2

)]
/

√√√√√2

mi(max)−1∑
m=mi(min)

|v̂α|2 +
∣∣∣∣v̂α (

Nϕ

2

)∣∣∣∣2


/
√√√√√2

mi(max)−1∑
m=mi(min)

|v̂ϕ|2 +
∣∣∣∣v̂ϕ (

Nϕ

2

)∣∣∣∣2
 ,

f̃M,α =

2

mi(max)−1∑
m=mi(min)

Re
[
B̂αB̂

∗
ϕ

]
+Re

[
B̂α

(
Nϕ

2

)
B̂ϕ

(
Nϕ

2

)]
/

√√√√√2

mi(max)−1∑
m=mi(min)

|B̂α|2 +
∣∣∣∣B̂α

(
Nϕ

2

)∣∣∣∣2


/
√√√√√2

mi(max)−1∑
m=mi(min)

|B̂ϕ|2 +
∣∣∣∣B̂ϕ

(
Nϕ

2

)∣∣∣∣2
 × (−1).

(9)

4 RESULTS

4.1 General properties

Fig. 1 shows the kinetic and magnetic energy spectra (see eqs
(16) and (17) of HKS22 for the definition). The blue, orange,
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Figure 1. The kinetic energy Ek and magnetic energy Em spec-
tra at r = 0.85R⊙ are shown (A similar plot is shown in Fig. 9
of HKS22). The solid and dotted lines display Ek and Em, re-
spectively. In this plot, only the m ̸= 0 mode is shown to exclude
contributions from the DR. The blue, orange, and green lines repre-
sent the results from the Low, Middle, and High cases, respectively.
The large-scale kinetic energy (ℓ < 30) is significantly reduced in
the High case. The three vertical dashed lines indicate ℓ corre-
sponding to 240, 120, and 60 Mm, respectively, which divide the
scale-dependent AMFs f i

R,α and f i
M,α.

and green lines show the results from the Low, Middle, and
High cases, respectively. As shown in HK21, the large-scale
kinetic energy (ℓ < 30) is significantly reduced in the High
case, whereas the magnetic energy Em increases as resolution
becomes higher in all scales. See Fig. 10 in HKS22 for the DR
and the meridional flow. The Low case has anti-solar DR,
whereas the High case possesses solar-type DR.

Fig. 2 shows the radial Reynolds FR,r and Maxwell FM,r

AMF. Note that almost the same figure is presented by
HKS22 (see their Fig. 29). Here, we review their results. The
radial AMF significantly depends on the resolution; there-
fore, our main focus in this work is only on the radial AMFs.
The radial Reynolds AMFs are always negative (i.e., inward
AMTs) and their strengths are almost the same (Figs 2a, b,
and c). The radial Maxwell AMFs show positive values, that
is, the outward AMT in all cases (Figs 2d, e and f). The flux
strength increases as the resolution increases.

Fig. 3 shows the dimensionless velocity F̃R,r and magnetic
F̃M,r correlations. We also note that F̃R,r is already shown
in HKS22 (see their Fig. 36), but F̃M,r is the original result
in this work. We can see the strongest negative correlation
in the High case (Fig. 3c). This may be due to the high Ro
in the High case (see Table 1 of HKS22 for Local Rossby
number Roℓ). When the Ro is high, the downflow vr < 0 be-
comes dominant. This downflow is bent by the Coriolis force
and turbulence has negative correlations (⟨v′rv′ϕ⟩ < 0). This
result indicates that F̃R,r makes a significant contribution to
the radially inward Reynolds AMT FR,r. This strong nega-
tive correlation is thought to be caused by the high Ro due
to the small-scale turbulence reproduced by the high resolu-
tion. Considering the magnetic field, the positive correlation
decreases with increased resolution (Fig. 3d, e, and f). This
result indicates that the strength of the magnetic field is re-
sponsible for the radially outward AMT and the resulting fast
equator (Issue C in Section 1).

MNRAS 000, 1–6 (2023)
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Figure 2. The radial Reynolds FR,r = ρ0λ⟨v′rv′ϕ⟩ and Maxwell
FM,r = −λ⟨BrBϕ⟩/4π AMFs are shown. The upper and lower
panels show FR,r, and FM,r, respectively. The result from Low
(panels a and d), Middle (panels b and e), and High (panels c and
f) cases are shown.
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Figure 3. The dimensionless velocity F̃R,r and magnetic F̃M,r

correlations are shown. The upper and lower panels show F̃R,r and
F̃M,r, respectively. The result from Low (panels a and d), Middle
(panels b and e), and High (panels c and f) cases are shown.

4.2 Scale-dependent angular momentum flux

In this subsection, we investigate the scale-dependent AMF.
As explained in section 3, we decompose the AMFs into four
scales (see also Table 2). We note that the index i of f i

R,r and
f i
M,r does not represent the wavenumber m (see Section 3 for

details).
Fig. 4 shows the f1

R,r and f1
M,r, which correspond to the

spatial scale of Lm ≥ 240 Mm, that is, the largest scale.
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Figure 4. Depiction of the scale-dependent AMF f1
R,r and f1

M,r,
which correspond to the scale of Lm ≥ 240 Mm. The format of the
panels is identical to Fig. 2. A Gaussian filter with five grid points
width is also applied in all directions to reduce the realization
noise.
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Figure 5. The same figure as Fig. 4, but for f2
R,r and f2

M,r, which
correspond to the scale of 120 Mm ≤ Lm < 240 Mm is shown.

We use the same colour scale in Fig. 4 and the following
two figures for comparison. We extract negative Reynolds
AMFs f1

R,r in all cases (Fig. 4a, b, and c). We find that the
inward Reynolds transport is largest in the Low case because
of its larger convection velocity (Fig. 1). The Maxwell AMFs
f1
M,r are positive in all cases (Fig. 4d, e, and f). The outward

transport is largest in the High case and the magnetic field
strength is highest in the High case, which probably leads to
the strong outward AMT (see Fig. 1).

Fig. 5 shows the f2
R,r and the f2

M,r, which correspond to
the spatial scale of 120 Mm ≤ Lm < 240 Mm. Similar to
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Figure 6. The same figure as Fig. 4, but for f4
R,r and f4

M,r, which
correspond to the scale of Lm < 60 Mm. We can find the strongest
inward Reynolds and outward Maxwell AMFs in this scale.

i = 1, the Reynolds f2
R,r and Maxwell f2

M,r are negative and
positive in all cases, respectively. We can observe the stronger
Reynolds AMFs (i.e., |f1

R,r| < |f2
R,r|), especially in the Middle

and High cases, while the kinetic energy is larger in Lm >
240 Mm (Fig. 1). We can see the similar Maxwell AMFs, i.e.,
f1
M,r ≃ f2

M,r in all cases.
f3
R,r and f3

M,r are almost the same as f2
R,r and f2

M,r, re-
spectively, and are not shown here.
f4
R,r and f4

M,r are shown in Fig. 6. The corresponding spa-
tial scale is Lm < 60 Mm, which is the smallest scale. The
Reynolds AMFs f4

R,r are negative in all cases. More specif-
ically, in the High case, the inward AMT near the equator
is stronger than those at other scales (Issue B in Section 1).
The Maxwell AMFs f4

M,r are positive in all cases. We record
the largest amplitude in this scale compared with the other
scales, especially in the High case. Thus, we can argue that
the small-scale (< 60 Mm) magnetic field is the dominant
source of the AMT, as expected in HKS22 (Issue A in Sec-
tion 1).

4.3 Scale-dependent dimensionless correlation

In this subsection, we use the dimensionless correlation to
investigate the physical origin of the AMFs, namely, the di-
mensionless correlation or spectral amplitude.

Fig. 7 shows the f̃1
R,r and f̃1

M,r, which correspond to the
spatial scale of Lm ≥ 240 Mm. The absolute value of the
negative velocity correlation f̃1

R,r, which is related to the in-
ward AMT, is largest in the High case. The stronger cor-
relation is likely due to the high Roℓ in the High case (see
Table 1 of HKS22). The Roℓ can be derived from the cal-
culation results before the scale decomposition process. It is
interesting to note that we can still see the difference between
resolutions; that is, the small-scale influence in the High case,
as well as the after-scale decomposition. Figs 4, and 7 illus-
trate that the large velocities are responsible for the large
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y/R

(a)
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(b)
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(c)

High
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0.8

y/R

(d)
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x/R

(f)

0.500.250.000.250.50

Figure 7. Depiction of scale-dependent dimensionless correlations
f̃1
R,r and f̃1

M,r, which correspond to the scale of Lm ≥ 240 Mm.
The format of the panels is identical to Fig. 3. A Gaussian filter
with a five-grid-point width is also applied in all directions to re-
duce the realization noise.

Reynolds AMF in the Low case at this scale. While the cor-
relation is large in the High case, the small velocity amplitude
leads to a small Reynolds AMF. The absolute value of posi-
tive magnetic correlation f̃1

M,r is the largest in the Low case.
The higher-resolution simulation can reproduce small-scale
random motions, the correlation is smaller in the High case.
This effect is also in direct line with the scale-integrated AMF
(Fig. 2).

Fig. 8 shows the f̃2
R,r and f̃2

M,r, which correspond to the
spatial scale of 120 Mm ≤ Lm < 240 Mm. The negative di-
mensionless velocity correlation f̃2

R,r is strongest in the High
case and this trend also applies for f̃1

R,r. We find the absolute
value of the correlation in this scale increases compared with
i = 1, i.e., |f̃2

R,r| > |f̃1
R,r| in all the cases. On a smaller scale,

the rotational influence becomes less efficient. This pattern
increases the negative velocity correlation. As far as the mag-
netic field f̃2

M,r is concerned, the result does not change much
from i = 1 scale. The dependence of the magnetic correlation
on the spatial scale is smaller than that of the velocity cor-
relation.

As for f̃3
R,r and f̃3

M,r, they are almost the same as f̃2
R,r and

f̃2
M,r, respectively, which are not shown here.
The results of f̃4

R,r and f̃4
M,r are displayed in Fig. 9. The

amplitudes of the dimensionless velocity correlation f̃4
R,r are

similar between the cases (Fig. 9a, b, and c). The dimen-
sionless magnetic correlation f̃4

M,r is largest in the Low case.
As the outward AMF f4

M,r is largest in the High case, the
strength of the magnetic field is purely responsible for the
strong AMT (Issue C in Section 1).

5 SUMMARY

In this work, we systematically investigate the dependence of
the AMT on the spatial scale with the method suggested by

MNRAS 000, 1–6 (2023)
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Figure 8. The same figure as Fig. 7, but for f̃2
R,r and f̃2

M,r, which
correspond to the scale of 120 Mm ≤ Lm < 240 Mm is shown.
As resolution is increased, the negative correlation f̃2

R,r becomes
stronger and the positive correlation f̃2

M,r becomes weaker.
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Figure 9. The same figure as Fig. 7, but for f̃4
R,r and f̃4

M,r, which
correspond to the scale of Lm < 60 Mm. The strength of the
turbulence correlation f̃4

R,r is nearly the same in all cases.

MH23. We examine three simulation results in MH21, which
have different resolutions: namely, Low, Middle, and High
cases. We summarize the main results of this work below:

(i) The absolute value of the negative dimensionless veloc-
ity correlation increases with increasing resolution, especially
at the small scales.

(ii) The outward Maxwell AMF is strongest at the smallest
scale.

(iii) The dimensionless magnetic correlation decreases
with increasing resolution.

The first result indicates that the high-resolution calculation
in HK21 remains in the high Ro, while the RMS velocity is
reduced in the case since the small-scale turbulence is intro-
duced. The solar-like DR is also achieved even in the high Ro
regime thanks to the magnetic AMT.

The second result emphasizes the small-scale magnetic field
for constructing the DR. HKS22 suggested that the magnetic
AMT occurs via magnetic tension. Considering that magnetic
tension is most effective on a small scale, our analysis is con-
sistent with the results of this work.

The third result indicates that the magnetic field becomes
chaotic but strong on a small scale. Although the just chaotic
magnetic field cannot transport the momentum, the remain-
ing order with high magnetic strength can transport a large
amount of angular momentum. The essential role of the small-
scale magnetic field on the AMT highlights the importance
of a higher resolution calculation in the future.
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